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With large span beams of steel frame structures, the beam depth 
(beam height) often becomes large to handle large bending stress.  
When width-thickness ratio of a web (vertical plate) becomes large 
as beam depth of a H-section steel beam increases, even relatively 
small bending deformation degrades yield strength due to local 
bucking of the web.  Current legal regulations thus have provisions 
for limiting width-thickness ratios of plate members.  Some 
buildings built before the provisions were enacted, however, have 
H-section beams with a very large width-thickness ratio.  Those are 
often rated low in seismic diagnosis in terms of seismic resistance.

Improving strength of the building as a whole by placing 
new aseismic elements (braces and the like) is a general method 
to seismically reinforce such buildings.  In a building called an 
over-track building shown in Fig. 1 that uses the space above 
tracks and platforms, however, placing braces and the like 
sometimes interferes with train operation and passenger flow.  
For such a building, one feasible measure is to improve aseismic  
performance of the building by improving plastic deformation 
capacity of the H-section steel beam itself, instead of by improving 
the strength of the building in total.

In this study, we specifically investigated a method of welding 
longitudinal web stiffeners (steel reinforcement plates parallel 
to the member axis) to improve plastic deformation capacity of 
H-section steel beams, based on the results of loading tests and 
numerical analysis.  The reason we investigated longitudinal web 
stiffeners only is that installing longitudinal web stiffeners would 
be economically better because adding reinforcements to beam 
webs of existing buildings is assumed to involve on-site welding 
and longitudinal web stiffeners could be installed with just 

Introduction1
downward welding.

We propose a specific method of designing the stiffener through 
the following three steps.
1)  Confirm effectiveness of the stiffener in loading tests, and then 

conduct numerical analysis simulating the loading tests to 
confirm the validity of the numerical analysis.

2)  Quantitatively evaluate the effectiveness of the stiffener by 
applying the theory of elastic buckling of a simple plate, and 
then propose a method of evaluating the effectiveness of the 
stiffener as an effect of improving width-thickness ratio.

3)  Derive a relational expression between width-thickness ratio, 
yield strength improvement rate, and plastic deformation 
capacity as a regression equation by numerical analysis, and 
then propose a procedure to design stiffener dimensions using 
that regression equation.

Setting Stiffener Dimensions2
Adding multiple longitudinal web stiffeners to achieve effective 
reinforcement will improve flexural capacity of the reinforced section 
as well as plastic deformation capacity.  When considering behavior 
of a beam in an earthquake as deformation of a cantilever that receives 
concentrated load at its end as shown in Fig. 2(a), stress is larger in 
a reinforced section than in a non-reinforced section, and flexural 
capacity is also larger in a reinforced section.  While stress in a non-
reinforced section is reduced and bending yield occurs first at a beam 
end with reinforcement of sufficient length (Fig. 2(b)), bending stress 
occurs first in a non-reinforced section having short reinforcement 

Retrofit Reinforcement Method 
for H-section Steel Beams Using 
Longitudinal Web Stiffeners

•Keywords: H-section steal beam, Width-thickness ratio, Cyclic loading test, Numerical analysis

The purpose of this study is to investigate how longitudinal stiffener plates can improve plastic deformation capacity of 
H-section steel beams with a thinner web.  Efficiency of the retrofit can be quantitatively estimated by cumulative plastic 
deformation obtained from cyclic loading tests and numerical simulation.  We thus propose a quantitative estimation method 
of preventing the effects of local buckling by the elastic buckling theory for simple plates.  We also propose design procedures 
of stiffeners by a prediction formula of plastic deformation capacity and increasing strength.

*Frontier Service Development Laboratory, Research and Development Center of JR East Group

Tsutomu Hoshikawa*

(b) Conventional seismic 
     reinforcement

Interferes with 
passenger flow
Interferes with 
shop arrangement
Many obstructions

(c) Construction method 
     of this study

Little effect on building use
Few obstructions
Large effect of shorter 
construction time and 
cost cutting

(a) Current

Concourse floor

Ordinary floor
 (shop etc.)

Track floor 
(platform)

Brace Stiffener

Concourse floor

Ordinary floor
 (shop etc.)

Track floor
(platform)

Brace Stiffener

Fig. 1  Sections of Reinforcement of Over-Track Buildings (Image)

(a) Stress distribution (load concentrated to cantilever end)

: Stiffener length

(b) Buckling within reinforced area

(c) Buckling out of reinforced area (mesh: local buckling area)

Fig. 2  Examination of Reinforcement Area (Length)
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4.5 mm, slightly thinner than that of the web, and stiffener interval 
was fixed at a third of the web height.  Stiffener length and width 
and the number of reinforced surfaces (one or both sides of a web) 
were chosen as parameters.  Length values were determined based 
on the beam depth for reasons of convenience.

Fig. 4 and 5 show the test sample shape and testing equipment.  
Test samples were cantilever shaped with a base plate instead of 
a column, and out-of-plane deformation of the base plate was 
restrained by tying the base plate to the reaction force floor using 
a lift up control jig.  The stiffener and the base plate were set apart 
so as not to contact each other.  Loading to the test sample was 
incrementally repeated loading as shown in Fig. 6.  When yield 
strength sharply dropped during loading, loading was terminated 
in that cycle.  Fully plastic displacement δp was obtained by 
dividing fully plastic moment Mp of the full cross section of the 
beam end including the stiffener by elastic rigidity K.

3.2 Test Results
Fig. 7 shows the load - displacement relation of the test samples.  
Load and displacement were made infinite by dividing by the loads 
Pp and δp at Mp respectively.  The figure shows the positions of the 
maximum yield strengths (Pmax) at plus and minus loading.  With 
each test sample, local buckling of the web was observed when 
yield strength reached Pmax.

Table 2 show cumulative plastic deformation magnification 
ηM (magnification at positive and negative loading), ηs (sum of 
positive and negative ηM), and cumulative plastic deformation 
magnification ηa 

(larger value of either positive or negative) at finish 
(yield strength 90% of maximum).  Fig. 8 shows skeleton curves of 
individual test samples.  For the definition of ηM and ηa and how to 
plot skeleton curves, we referred to one of the reference documents1).  
Looking at ηa, we found that plastic deformation capacity of the 
test samples with stiffener reinforcement was improved compared 
with that of the test sample with no reinforcement.  In terms of ηs, 
values of some test samples with reinforcement were almost equal 
to the values of the test sample with no reinforcement.

The test results demonstrate that plastic deformation capacity 
is not always higher with longer stiffeners and not always higher 
with both-side reinforcement than with one-side reinforcement.  
More specifically, when comparing test samples 1.4D-W72-B 
and 1.0D-W72-O of the same stiffener width, ηa of the latter was 
larger than that of the former, even though the former had more 
reinforcement than the latter (with longer stiffeners and both-

length (Fig. 2(c)).  Flexural capacity of the beam is improved in 
those having both long and short reinforcement.  With short 
reinforcement, however, local buckling occurs in a non-reinforced 
section the as same with the beam having no reinforcement.  
Significant improvement of deformation capacity thus cannot be 
expected with short reinforcement.  We have to set reinforcement 
length so bending yield occurs first in the reinforced section with 
higher deformation capacity.

Now we will cover how to calculate the stiffener cross section 
where local buckling of the web is limited within the area (the 
subpanel) enclosed by the stiffener and the flange (a horizontal panel 
of an H-section steel beam).  In other words, we investigate how to 
set the stiffener cross section that induces local buckling of the web as 
shown in Fig. 3.  We expect that adding stiffeners of sufficient cross 
sectional area can prevent local buckling of the web expanding over 
the stiffener; so, local buckling occurs only to the subpanel.

Loading Tests3
3.1 Test Overview
We carried out cyclic loading tests of the test samples listed in 
Table 1.  Beam size was half that of major beams of an existing over-
track building for which seismic renovation was being considered, 
and loading length was five times longer than beam depth based 
on the shear-span ratio of an actual beam of the building.  Taking 
into account on-site welding work, stiffener thickness was fixed at 

Name Interval (mm) Length (mm) Width (mm) Number of sides
1.4D-W72-B 172 800 72 Both sides
0.7D-W72-B 172 400 72 Both sides
1.4D-W36-B 172 800 36 Both sides
1.0D-W72-O 172 550 72 One side
1.0D-W36-O 172 550 36 One side

No reinforcement

(a) Number of stiffeners n = 1 (b) n = 2
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:Web height
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Base plate

Base plate 
liftup 
prevention

Reaction 
force floor

Position of 
horizontal 
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Position of 
horizontal 
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Table 1  Test Samples (Stiffener Shape)

Fig. 3  Conceptual Image of Reinforcement

Fig. 4  Elevation Plan of Test Sample
Fig. 5  Overview of Test Equipment 

(1.4D-W72-B Test Sample) Fig. 6  Loading Test
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side reinforcement).  The same is applicable to comparison of test 
samples 1.4D-W36-B and 1.0D-W36-O and comparison of test 
samples1.4D-W72-B and 0.7D-W72-B.

Comparison of Tests by Numerical 
Analysis4

4.1 Analysis Overview
We performed finite element analysis (FEA) using the analysis 
model shown in Fig. 9.  And also, using an analysis model of a steel 
beam of the same size in the loading test, we performed analysis by 
causing forced displacement at the beam end.  The same as with 
the test samples, the ends of the longitudinal web stiffeners added 
near the fixed end are not connected to the fixed end.  By dividing 
into an approx. 20 - 60 mm mesh in the in-plane direction, we 
finely divided the area around fixed end where local buckling 
occurs.  For the analysis, we used Marc, an FEM program.  The 
loading cycle was matched to the loading test results.  As stress - 
deformation relation input data, we used the tensile test results per 
plate thickness transformed into a true stress - true deformation 
relation and applied multiple broken line approximation.

4.2 Analysis Results
Fig. 10 shows the load - displacement relation as comparison 
of cyclic loading test results and analysis results.  Table 3 shows 
the yield strength increase rate (ratio of Pmax to Pp), τ0, K, ηM, and 
ηa compared by loading tests and numerical analysis. τ0 of the 
numerical analysis results was lower with all of the test samples; 
however, as shown in Table 3, difference was always within 2 - 
11%, so we can say that the test results could be reproduced.  On 
the other hand, looking at ηa and ηM, magnitude relation between 
the test values and the analysis values was not clear, with some large 
differences being present.  Comparing the magnitude order of ηa 
and ηM per test sample shows a tendency for the both the test value 
and the analysis value of the test sample with no reinforcement to 
be the smallest.

Fixed end (excluding stiffeners)

Longitudinal web stiffener

Horizontal reinforcement rigidity position: 
1,200 mm from beam end, Z-direction 
movement restrained

Loading point position: 
2,750 mm from fixed end 
(5 times beam depth)

Horizontal reinforcement rigidity position: 2,000 mm 
from beam end, Z-direction movement restrained

H-section steel: H-550×150×6×14

(a) Boundary conditions (b) Mesh Model

Fig. 11 shows photos of residual deformation after loading 
and contour charts of out-of-plane deformation when numerical 
analysis is complete.  Residual deformation observed with all 
test samples agrees well with deformation obtained in numerical 
analysis.  Agreement per stiffener length is as follows, focusing 
on the two positions where local buckling occurred illustrated in 
Fig. 2(b) and (c).

With test sample 1.4D-W72-B having the longest stiffener 
length, local buckling occurred on the fixed end side within 
the reinforced area as shown in Fig. 2(b), agreeing with the 
deformation shown in the contour chart.  Local buckling occurred 
also on the loading point side in the reinforced area as shown in 
Fig. 2(c), and that could be the effect of the lateral buckling.  With 
test sample 0.7D-W72-B having the shortest stiffener length, 
local buckling occurred on the loading point side, agreeing with 
the deformation shown in the contour chart.  With test samples 
1.0D-W72-O and 1.0D-W36-O having medium stiffener length, 

Fig. 9  Analysis Model Shape

No reinforcement

No reinforcement No reinforcement No reinforcement

Fig. 8  Skeleton Curve

Fig. 7  Load - Displacement Relationship

Test sample

No reinforcement

Table 2  Cumulative Plastic Deformation Magnification
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local buckling occurred on both of the fixed end and loading point 
sides, although remarkable deformation is seen only on the fixed 
end side in the contour chart.  This difference is assumed to be the 
result of yield strength increase.  We could reproduce in numerical 
analysis local buckling that would occur first on the fixed end side; 
however, subsequent yield strength increase was larger in the test.

Equivalent Width-Thickness Ratio of 
Web with Longitudinal Web Stiffeners5

We will be able to improve local buckling yield strength of webs 
having longitudinal web stiffeners compared with those not having 
stiffeners if longitudinal web stiffeners are able to limit out-of-
plane deformation of webs caused by local buckling within the 
subpanel.  If we consider such an effect of local buckling yield 
strength improvement of stiffeners to be the result of apparent 
decrease in the width-thickness ratio of a web due to an increase 
in web thickness, we can set the apparent width-thickness ratio at 
which local buckling yield strength equal to that of a reinforced 
stiffener can be obtained as the target reinforcement effect.  We call 
such apparent width-thickness ratio “equivalent width-thickness 
ratio”.  Here we cover how to calculate that.

5.1 Definition of Equivalent Width-Thickness Ratio Based on 
the Elastic Buckling Theory

Now we define equivalent width-thickness ratio based on the 
elastic buckling theory for a simple plate.2)  The theoretical solution 
of elastic buckling shear stress τcr0 of a rectangular plate with all four 
sides supported in a simple manner under pure shear stress can be 

approximated according to the numerical calculation result.  In a 
case where relative plate length a is sufficiently large compared with 
plate width b, elastic buckling shear stress τcr0 can be approximated 
in formula (1).2)

Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

h, E : Plate thickness, Young coefficient of the plate
v : Poisson’s ratio respectively

Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

On the other hand, elastic buckling compression stress σcr0 of a 
rectangular plate with all four sides supported in a simple manner 
under in-plane bending stress can be approximated by formula (2) 
according to the numerical calculation result.2)

Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

Here, k in formula (2) is a constant that is determined according 
to shape ratio a/b of the rectangular plate and compression stress 
distribution coefficient a (see Fig. 12) explained in one of the 
reference documents3).  In order to keep evaluation on the safe 
side, the evaluation value of elastic buckling compression stress σcr0 
determined by a alone can be obtained by substituting k with the 
minimum possible kmin according to a/b.

1.4D-W72-B 0.7D-W72-B 1.4D-W36-B 1.0D-W72-O 1.0D-W36-O

-60 -36 -12 12 36  60

-48 -24  0   24  48 (mm)

No reinforcement

1.4D-W72-B 0.7D-W72-B 1.4D-W36-B 1.0D-W72-O 1.0D-W36-O

-60 -36 -12 12 36  60

-48 -24  0   24  48 (mm)

No reinforcement

1.4D-W72-B 0.7D-W72-B 1.4D-W36-B 1.0D-W72-O 1.0D-W36-O

-60 -36 -12 12 36  60

-48 -24  0   24  48 (mm)

No reinforcement

Fig. 11  Photo of Residual Deformation after Loading 
Test, Contour Chart of Out-of-plane Directon 
Deformation of Numerically Analyzed Webs

No reinforcement

Test sample
Test value Analysis value Analysis value / Test value

No reinforcement

Test value Analysis value

Fig. 10  Load - Displacement Relationship

Table 3  Cumulative Plastic Deformation Magnification
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Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

It is known that shear stress τcr and in-plane bending stress σcr can 
be calculated by the correlation expression shown as formula (5) in 
a case where local buckling occurs by simultaneously being applied 
with in-plane shear force and in-plane bending.4)

Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

A correlation expression determined by cross-sectional shape of 
a beam is completed between shear stress τ and in-plane bending 
stress σ acting on beam webs.  Therefore, elastic buckling shear 
stress τcr’

 of a web can be calculated by formula (5).  With the web 
reinforced by longitudinal web stiffeners, we derive τcr’ 

per subpanel 
in the aforementioned procedure, and the smallest value of them 
determines τcr’ 

of the reinforced web in total.
As shown in formula (6), the buckling coefficient Kcr of a non-

reinforced web is determined only by the ratio between shear 
stress and bending stress and the bending stress distribution, 
regardless of web dimensions.  Buckling shear stress τcr’ 

improved by 
reinforcement can be expressed by formula (6’) using Kcr as done 
by formula (6).

Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

Here, d, t
w
: Web height, web thickness respectively

Consequently, equivalent width-thickness ratio cq(d/tw) representing 
the buckling yield strength improvement effect of reinforcement can 
be obtained as shown in formula (7).

Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

5.2  Example of Calculation of Equivalent Width-Thickness 
Ratio

As an example of application of the definition of equivalent width-
thickness ratio, we calculate the equivalent width-thickness ratio of 
the H-section beam test samples used in the loading test described 
in Chapter 3.  As a calculation example, we list in Table 4 calculation 
results of a web with no reinforcement and webs equally divided in 
height by longitudinal web stiffeners (number of stiffeners n = 1, 2, 
3).  As shown in Fig. 12, kmin(a) is obtained by formula (4) using a 
determined by in-plane compression stress distribution of the web 
and positions of stiffeners.  With n = 2 and 3, we can just focus 
on just the outermost reinforced area where buckling occurs first 
due to large in-plane compression stress.  From width-thickness 
ratio of the web with no reinforcement (d/tw = 87.0), we obtain 
equivalent width-thickness ratio cq(d/tw) reduced by reinforcement 
by stiffeners.

Proposal of a Calculation Formula by 
Numerical Analysis6

We perform numerical analysis using width-thickness ratios of 
flange and web and yield ratio (ratio of yield strength to tensile 
strength) of steel members as parameters and propose a calculation 
formula for τ0 

and μa.  Fig. 13 shows the relation between width-
thickness ratios of the analysis models.  X in the chart is the width-
thickness ratio of the test sample of the loading test of Chapter 3.  
Assuming a beam with large span as a beam to reinforce, we set 
web plate thickness for width-thickness ratio of the web to tw = 6 to 
11, which falls under ranks P-I to III of the Institute Standard4) we 
referred to.  We expect a yield ratio of 0.6 to 0.8, which is normal 
for steel members.

Numerical analysis is monotonous incremental analysis using 
the same model as in Chapter 4.  We analyzed 12 types of non-
reinforced models that combined different width-thickness ratios 
b/tf and d/tw, varying yield ratio in three types.

6.1  Relation Between Width-Thickness Ratio, Yield Strength 
Increase Ratio 0, and Plastic Deformation Magnification µa

We produced a regression equation as in formula (8) for τ0, based 
on numerical analysis results, and as a result, the reciprocal of yield 
ratio γ could be factored out.  From that, we found that there is 
strong primary correlation between width-thickness ratio and τ0.

Fig. 12  Relationship between Number of Stiffeners n, Compression 
Stress σ, and Compression Stress Distribution Coefficient α

Table 4  Calculation Example of Equivalent Width-Thickness Ratio eq(d/tw)
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Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

Fig. 14 shows agreement of solutions of formula (8) with 
analysis values.  Error between solution and analysis value is less 
than 2%.

For μa, a regression equation can be obtained based on the 
numerical analysis result by formula (9) similar to formula (8).

Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

Fig. 15 shows agreement of solutions with analysis values.  
Error between solution of formula (9) and analysis value is less 
than 10%.

6.2  Setting Stiffener Dimensions (Width, Thickness, and 
Length)

As explained in Chapter 2, by appropriately setting stiffener 
dimensions, we can limit local buckling of a web to within a 
subpanel and thus make quantitative evaluation of the effect of 
stiffener reinforcement using formulae (8) and (9) and cq(d/tw).  The 
required width and thickness of stiffener section as the premise 
can be calculated by formula (10) combining existing calculation 
formulae3), 5) for stiffener cross section.

Bending rigidity of the plate

Provided that

Provided that

BS

OS

 Flange width of one side, flange thickness respectively

BS  Secondary moment of cross section with stiffeners on both sides
OS  Secondary moment of cross section with stiffeners on one side
 Stiffener thickness, stiffener width respectively

Stiffener length ls is extended to the extent that stress becomes 
sufficiently small according to bending stress distribution of the 
beam.  As stress distribution varies in individual building beams, 
the length cannot be figured out only from cross sectional 
dimensions and length of a beam.  ls needs to be set according 
to the bending stress distribution obtained by structural 
calculation.

Conclusion7
We performed loading tests and numerical analyses of cantilever 
test samples for plastic deformation capacity of an H-section steel 
beam that has webs reinforced by longitudinal web stiffeners, and 
we investigated the relation between stiffener specifications and 
reinforcement effects.

The findings of this study will be the basis of specific design 
methods of seismic reinforcement in which we will enable to 
improve plastic deformation capacity of H-section steel beams of 
existing buildings with webs of large width-thickness ratio.

We omit details from this article; however, we are now working 
on specific design methods. The work includes setting appropriate 
safety ratio by comparing formulae (8) and (9) with existing 
loading test results and test design of seismic reinforcement for an 
existing over-track building using formulae (7) to (10).
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